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Abstract 
The aim of this study is to present a way of visualization to teaching and learning linear algebra at a level suitable for freshman 
and sophomore students. In this study, it has been shown how to use visualization approach through vector geometry in teaching 
and learning linear algebra concepts. This study concentrates basic linear algebra concepts such as determinant, vector subspace, 
linear dependence and linear independence, basis and dimension, linear transformation, Eigen value, dot product and projection. 
© 2011 Published by Elsevier Ltd. 
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1. Introduction 
For the problem of how to teach linear algebra, an appropriate answer can be given as depending on the nature of 
linear algebra. The other name of linear algebra is vector algebra which indicates its geometric origin. So; many 
concepts of linear algebra are intimately related to geometry and can be reformulated with vector geometry, namely, 
they have geometrical counterpart. The semi-concrete or concrete nature of linear algebra tends to sustain students’ 
interest and provide a better background for the later ideas.  
There is a special importance of geometrical structures called as semi-concrete on teaching mathematics. An 
important component of forming concrete or at least semi-concrete of our mental representation of a concept is an 
external or physical reference (KonyalÕR÷lu et al., 2003). It is suitable usage of semi-concrete structure pointed out 
as geometric system in teaching of the abstract concept in mathematics. Graph, diagram, pictures and geometrical 
shape or models are a tool for visualization of the abstract concept in mathematics. By means of these, human 
reason sets up a relation between physical or external world and the abstract concepts (KonyalÕR÷lu, 2003). 
Concepts such as geometric structures and mathematical-physical models can be considered for meaningful teaching 
mathematics (KonyalÕR÷lu et al., 2005). Harel points out that if geometrical presentations enliven the given subjects 
in the minds of the students, it may prove a helpful to model for geometry to comprise linear algebra concepts 
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(Gueudet-Chartier, 2003). By using visualization approach many mathematical concepts can become concrete and 
clear for students to understand. 
Some mathematical concepts can often be formulated in geometric concepts, which mean that students’ visual 
intuition can serve as a guide to understanding such concepts. However, for mathematical concepts in more than 
three dimensions space, visual models may no longer be directly available to students. In such cases, to guide 
students’ intuition in learning some concepts, isomorphism can be used. For n!3, as mentioned above, a 
generalization can be made by establishing isomorphism. A system B represents a model of system A if, on the basis 
of a certain isomorphism, a description or solution produced in terms of A may be reflected consistently in terms of 
B and vice-versa (Fischbein, 1987). 
It may be supposed that the use of geometry in teaching linear algebra will be limited the use of only R, R2 and 
R3, and with this method, it will cause problems for subjects not presented through represented geometrically. That 
is, it may be considered that the use of visualization through geometry will be useful in only R, R2 and R3 spaces, 
and will be invalid for other space subjects. But, if Rn be thought as being a simple generalization of R,R2 and R3
spaces,  we can teach the concepts about larger dimensional spaces more efficiently with benefiting from spaces 
which we can show geometrically. However, the fact of forming isomorphism between spaces can eliminate this 
problem. For example, isomorphism can be established between R3 and P2(R), and R
n and Pn-1(R) (KonyalÕR÷lu,
2003). R, R2 and R3 spaces are isomorph to Rn. Because of this, a problem given in Rn can be generalized in Rn after 
solved in R, R2 and R3 and stated clearly (Gueudet-Chartier, 2003). For example, linear isomorphism can be set up 
between f: R3ĺ P2(R), or between R3 and M3x3(R).
An alternative approach for teaching linear algebra, generally taught algebraically with axioms, is by means of 
visualization through vector geometry. Vector geometry can be used for visualization. In this study, the term 
visualization uses to describe the producing and using geometrical or graphical representations, drawn with hand, of 
linear algebra concepts. We use vector geometry to construct a visual model for algebraic and abstract concepts in 
linear algebra. It can be considered that vector geometry is the way in which links up with other concepts of 
mathematics. It is also considered that if the students can represent an abstract concept or an algebraic operation 
geometrically, then it may be possible to see relations among concepts on the geometric shape. 
1.1. Use of Geometry for Visualization  
The visualization of linear algebra has been frequently used recently as an essential idea in literature for solving 
problems and constituting the linear algebra concepts in the minds of students meaningfully (Harel 1989a, 1989b, 
1997; Wang, 1989; Hestenes 1991; Dreyfus et al., 1998; Herrero, 2000; KonyalÕR÷lu et al., 2003; Guidet-Chartier, 
2003; KonyalÕR÷lu, 2003; KonyalÕR÷lu et al., 2005; KonyalÕR÷lu et al., 2008; KonyalÕR÷lu, 2009). 
There is a lot of draft of visualization approach in teaching mathematics. Each draft of visualization has been 
extensively class tested, and these are revised according to students’ performance and interest. In this study, it is 
emphasized that the geometric aspect of concepts in linear algebra. Vector geometry is used for visualization in 
teaching linear algebra concepts. We use the geometric interpretation of vectors and vectors operations to give 
concepts of linear algebra with visualization approach. 
In  a  simpler  way,  the  main  aim in  visualization  by  the  help  of  shapes  (or  figures)  and graphics  which  are  the  
expressions of abstract concepts with semi-concrete structures is to make students perceive different axiomatic 
systems and different spaces by attracting their attention by the help of geometrical concepts and models; to give 
students to acquire the habits of abstraction; and, by this way, to develop their mental freedom and fertility; and, to 
provide a meaningful and permanent learning (KonyalÕR÷lu, 2003). Visualization can be powerful approach 
providing different thinking ways about mathematics for students. Use of the visualization approach provides 
students to look at mathematics course, which was seen as a cumulation of abstract structures and concepts from a 
different perspective (KonyalÕR÷lu et al., 2005).    
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2. Application 
The level, purpose, length, and nature of linear algebra course vary from school to school. This study is designed 
at a level of the common freshman and sophomore students. The aim of this approach is better meet the needs of 
students and take advantage of their more adequate preparation for abstract mathematics and advanced mathematics. 
The study concentrates on the main line of usage of visualization as a teaching approach. This teaching approach 
can be considered as useful approach for linear algebra course which can perform both algebraically and 
geometrically. I consider that geometrical structures supported algebraic and abstract on the teaching linear algebra 
concepts increase students’ attitudes towards linear algebra and their performance.  
Since it is provided our hypothesis which the students comprehend well geometrically in linear algebra concepts, 
it is required to teach precondition learning such as point setting in R, R2 and R3, vector construction, vector addition 
and scalar multiplication. Namely, all students are given basis knowledge deal with vector concept required for 
teaching linear algebra. Because it is usually advisable at the begin to review these concepts. The introductory work, 
the students must not encounter any geometric concepts or ideas which are essentially new, usually consists of a re-
examination of the Cartesian coordinate system, vector, and vector operations which should already be familiar for 
students. This introduction benefits for students who lacked this background. In this way, the abstract concepts and 
algebraic process can be easily explained on this basis. The introduction of too many abstract ideas must be avoided 
at the beginning of the course, because the students generally have had very little experience with abstract 
mathematical reasoning.  
It should be consider three components because students clarify relations between abstract concepts and vector 
geometry in teaching process. These are (KonyalÕR÷lu et al., 2003); 
xUsage of vector geometry as an effective method 
xUsage of general structures in two subjects and relations between these subjects 
xUsage of geometric descriptions for clarify vectoral structures  
It is desirable to point out these relations clearly from a geometric viewpoint. These three components are route 
from algebra to geometry and the reverse direction from geometry to algebra. In this study, with the visualization 
approach, including vector geometry is presented abstract, algebraic, and geometric aspects of concepts in linear 
algebra. 
Figure 1. 
The triple shown in Figure 1 allows the students to recognize the abstract, algebraic and geometric features 
shared by the diverse context. As shown in Figure 1, algebraic and abstract aspects of the concepts have by no 
means been neglected. A teaching approach which is appropriate for the structure of linear algebra should be to 
according with these stated features below:  
xGeometrical Presentation in Rn for nd3 and nZ+
xAlgebraic Presentation in Rn for n>3 and nZ+
xAbstract Presentation, in all spaces. 
Also, only numerical presentation must be perform for all spaces in this process. The organization of the course 
permits the students to learn relations between algebra and geometry, and abstract and concrete. To accomplish this 
Abstract 
Presentation 
Geometrical 
Presentation 
Algebraic 
Presentation 
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adaptation, linear algebra concepts have been formulated in three different contexts. At first, definition of concepts 
has been presented in the familiar algebraic context; later, in the context of geometric; and only after that, in the 
context of abstract. 
With this organization the students acquire to manipulate the concepts of linear algebra and to develop an 
intuitive understanding of their geometric meaning. But, because of the wide variety of interests and abilities of 
students in a linear algebra course, the particular care must be taken to obtain a careful balance among abstract, 
algebraic, and geometric presentation. Consequently, a special effort has been made to balance the concrete with the 
abstract. Also, because of the importance of motivation in the teaching-learning process, an unusual effort has been 
made to interest the students by means of diverse presentation of concepts. 
The triple presentation tends to minimize the number of students to repeat concepts’ definition and their special 
properties in logical order without grasping the meaning of the abstract concepts. It also provides the students both 
with an understanding of basic linear algebra concepts and with geometric means of the origin of linear algebra and 
with the computational technique necessary to understand the more abstract ideas occurring in the later period. 
When linear algebra concepts are explained in linear algebra course; abstract expression and algebraic definition 
of these concepts should be made and also what means this algebraic definition and abstract expression should be 
taught to students by using geometry in a meaningful way.  
2.1. Some Activities for Application 
Examples deals with geometrical, algebraic, and abstract presentation are below: 
For example, consider the problem “Is the set of of the form (x1, x2,…,xn) such that x1=0 and xiR  a subset W of a 
vector space V=Rn?”
Firstly, this problem is examined in R2 and R3 geometrically. In this case, the subset W of R2 is the set of vectors 
of the form (0, y). This subset W of R2 is shown geometrically as below Figure 2: 
Figure 2. 
Now, this problem is solved algebraically. The set of of the form (x1, x2, …, xn) such that x1=0 and xiR is  a  
subset W of Rn. To determine if W together with the operations of addition and scalar multiplication is a subspace of 
Rn. Let u=(x1, x2, …, xn) and  v=(y1, y2, …, yn) be arbitrary elements of W and cR
If u,vW, then x1=0 and y1=0, and 
cu+v=c.(x1, x2,…, xn)+ (y1, y2,…, yn)=( cx1+y1, cx2+ y2,…, cxn+yn)
from here 
cx1+y1=c.0+0=0 
and cu+vW. W is a subspace of Rn.
Now, we consider the problem “Let W be subspace of a vector space V, and W is a subset of W/. In this case, is W/
linearly dependent?” 
u
W
v
v+u
cu
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Every subspace of a vector space must contain the zero element. If W is a subspace of a vector space, the W
contains the zero element, and so, W/ contains the zero element. If one of the elements in W/ is the zero element, then 
the subset W/ is linearly dependent. 
3. Conclusion 
We hope that visualization approach will prove useful to all students and teachers as a learning and teaching 
approach. To use of visualization approach in teaching linear algebra can help the students who are unhappy with 
too much abstraction. The visual representing of concepts presented in this study can really useful. These examples 
can increase their interest and their performance. It can be difficult to teach linear algebra without using 
visualization used vector geometry as a tool. Because of this, we think that vector geometry is important in linear 
algebra course, and its study must not be neglected in teaching linear algebra. When doing confirmation of concepts 
and their properties in linear algebra; by benefiting from geometric presentations of these, it is possible to make a 
more meaningful explanation of them.  
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